The inner moons of Jupiter and Saturn migrate outwards due to tidal energy dissipation within the planets, the details of which remain poorly understood. We demonstrate that resonance locking between moons and internal oscillation modes of the planet can produce rapid tidal migration. Resonance locking arises due to the internal structural evolution of the planet and typically produces an outward migration rate comparable to the age of the solar system. Resonance locking predicts a similar migration timescale but a different effective tidal quality factor Q governing the migration of each moon. It also predicts nearly constant migration timescales a function of semi-major axis, such that effective Q values were larger in the past. Recent measurements of Jupiter and Saturn's moon systems find effective Q values that are smaller than expected (and are different between moons), and which correspond to migration timescales of ∼10 Gyr. If confirmed, the measurements are broadly consistent with resonance locking as the dominant source of tidal dissipation in Jupiter and Saturn. Resonance locking also provides solutions to several problems posed by current measurements: it naturally explains the exceptionally small Q governing Rhea's migration, it allows the large heating rate of Enceladus to be achieved in an equilibrium eccentricity configuration, and it resolves evolutionary problems arising from present-day migration/heating rates.
INTRODUCTION
Satellite systems around the outer planets exhibit rich dynamics that provide clues about the formation and evolution of our solar system. The orbits of the moons evolve due to tidal interactions with their host planets, and every moon system within our solar system shows strong evidence for significant tidal evolution within the lifetime of the solar system. Yet, in many cases, the origin of tidal energy dissipation necessary to produce the observed or inferred orbital migration remains poorly understood.
The Jupiter and Saturn moon systems are particularly intriguing. In both systems, the planet spins faster than the moons orbit, such that tidal dissipation imparts angular momentum to the moons and they migrate outwards. The rich set of mean motion resonances (MMRs) between moons provide evidence for ongoing tidal migration because Email: jfuller@caltech.edu outward motion of inner moons produces convergent migration that allows moons to be captured into resonances (see discussion in Dermott et al. 1988; Murray & Dermott 1999) . For instance, the 4:2:1 resonance of the orbits of Io:Europa:Ganymede indicates that Io has tidally migrated outwards by a significant fraction of its current semi-major axis, catching both Europa and Ganymede into MMRs during the process. The tidal energy dissipation responsible for outward migration is often parameterized by a tidal quality factor Q (Goldreich & Soter 1966) that is difficult to calculate from first principles. Smaller values of Q correspond to larger energy dissipation rates and shorter migration timescales. The actual value of Q can be somewhat constrained by observed orbital architectures: very small values of Q are implausible because they would imply the satellites formed inside their Roche radii, whereas very large values of Q are unlikely because they would not allow for capture into MMRs within the lifetime of the solar system. In other words, the cur-rent orbital architectures mandate that outward migration timescales are within an order of magnitude of the age of the solar system.
In classical tidal theory, tidal energy dissipation occurs via the frictional damping of the equilibrium tide, which is defined as the tidal distortion that would be created by a stationary perturbing body. In this case, damping can arise from turbulent viscosity due to convective motions in a gaseous envelope (Goldreich & Nicholson 1977) or by viscoelasticity in a solid core (Dermott 1979; Remus et al. 2012a,b; Storch & Lai 2014; Remus et al. 2015) . However, tidal dissipation can also occur through the action of dynamical tides, which arise due to the excitation of waves and/or oscillation modes by the time-dependent gravitational force of the perturbing body. The dynamical tide may be composed of traveling gravity waves (e.g., Zahn 1975; Ioannou & Lindzen 1993a,b) , tidally excited gravity modes (e.g., Lai 1997; Fuller & Lai 2012; Burkart et al. 2012 , or tidally excited inertial modes/waves (e.g., Wu 2005a,b; Ogilvie & Lin 2004; Ogilvie 2013; Guenel et al. 2014; Braviner & Ogilvie 2015; Auclair Desrotour et al. 2015; Mathis 2015) .
The notable feature of many previous works is that they struggle to produce tidal dissipation rates large enough to match those inferred for Jupiter and Saturn, given plausible internal structures of the planets. Models involving viscoelastic dissipation in the core or inertial waves in the envelope require the presence of a large core (solid in the former case, and either solid or more dense in the latter case) in order to produce significant energy dissipation. Although substantial cores likely do exist (Guillot & Gautier 2014) , water ice in giant planet cores is likely to be liquid (Wilson & Militzer 2012b) , and rocky materials (silicon and magnesium oxides) could be liquid or solid (Mazevet et al. 2015) . In both cases, the ice/rock is likely to be soluble in the surrounding hydrogen/helium Wilson & Militzer (2012a) , and the cores may have substantially eroded (thereby erasing sharp density jumps) over the life of the solar system. Moreover, viscoelastic models generally contain two free parameters (a core shear modulus and viscosity) which must be appropriately tuned in order to yield a tidal Q compatible with constraints.
Using remarkable astrometric observations spanning many decades, several recent works (Lainey et al. 2009 (Lainey et al. , 2012 have provided the first (albeit uncertain) measurements of the outward migration rates of a few moons in the Jupiter and Saturn systems. These measurements indicate that current outward migration rates are much faster than predicted. In fact, for a constant tidal Q, the current migration rates are incompatible with the contemporaneous formation of the moons and the planets, because the moons would have already migrated beyond their current positions over the lifetime of the solar system. The measurements also indicate that the effective tidal Q is different for each moon, which cannot be explained by equilibrium tidal models that predict a nearly constant Q.
In this work, we examine a mechanism known as resonance locking (Witte & Savonije 1999) , originally developed in stellar contexts, which produces accelerated orbital migration via dynamical tides. Previous planetary studies have neglected the fact that the internal structures of planets may evolve on timescales comparable to their age. Such structural evolution causes planetary oscillation mode frequencies to gradually change, allowing for resonance locking to occur. During a resonance lock, a planetary oscillation mode stays nearly resonant with the forcing produced by a moon, greatly enhancing tidal dissipation and naturally producing outward migration on a timescale comparable to the age of the solar system. In this paper, we examine the dynamics of resonance locking in giant planet moon systems, finding that resonance locking is likely to occur and can resolve many of the problems discussed above. Although there are substantial uncertainties in the planetary structure, evolution, and oscillation mode spectra of giant planets, resonance locking is insensitive to many of these details and yields robust predictions for outward moon migration on planetary evolution timescales.
The paper is organized as follows. In Section 2, we discuss tidal dissipation via resonances with oscillation modes and the process of resonance locking. Section 3 investigates orbital migration and MMRs resulting from resonance locking. We compare our theory with observations of the Jupiter and Saturn moon systems in Section 4. Section 5 provides discussion of our results, including implications for tidal heating and the orbital evolution of the moons. We summarize our findings in Section 6. Details related to planetary oscillation modes, their ability to sustain resonance locks, and tidal heating can be found in the appendices.
TIDAL MIGRATION VIA RESONANCES

Basic Idea
Tidal dissipation and outward orbital migration of moons can be greatly enhanced by resonances between tidal forcing frequencies and discrete "mode frequencies" associated with enhanced tidal dissipation. The mode frequencies may occur at gravity/inertial/Rossby mode frequencies, or they could correspond to frequencies at which inertial waves are focused onto attractors to create enhanced tidal dissipation (Rieutord et al. 2001; Ogilvie & Lin 2004; Papaloizou & Ivanov 2005; Ogilvie & Lin 2007; Ivanov & Papaloizou 2007; Goodman & Lackner 2009; Rieutord & Valdettaro 2010; Ogilvie & Lesur 2012; Auclair Desrotour et al. 2015) . For the discussion that follows, the important characteristics of the mode frequencies are 1. The tidal energy dissipation rate at the mode frequencies is much larger than the surrounding "continuum" dissipation rate. 2. The mode frequencies occupy narrow ranges in frequency space, i.e, adjacent resonances do not overlap. 3. The mode frequencies are determined by the internal structure of the tidally forced body and may evolve with time.
The outer layers of Jupiter and Saturn are composed of thick convective envelopes. These envelopes may allow for a dense spectrum of mode frequencies at which tidal dissipation is greatly enhanced by the action of inertial waves (Ogilvie & Lin 2004) . For Saturn, recent observations of its rings (Hedman & Nicholson 2013 have provided evidence that stable stratification exists deep within Saturn's interior Fuller (2014) . Stable stratification (or semiconvective layers) has also been advocated to exist based on Saturn's thermal evolution (Leconte & Chabrier 2012 . Both stably stratified layers and semi-convective layers support gravity modes (g modes, see Belyaev et al. 2015) that can enhance tidal dissipation.
To demonstrate the importance of resonances with mode frequencies, we calculate the frequencies and eigenfunctions of the g modes and fundamental modes (f modes) of the Saturn model presented in Fuller (2014) . We describe this process in more detail in Appendix A. We also calculate an approximate damping rate of each mode due to the turbulent viscosity acting within the convective envelope. Next, we calculate the energy dissipation rate due to the tidal excitation and turbulent damping of the modes. The efficiency of tidal dissipation can be expressed through the tidal migration timescale
which describes the timescale on which a giant planet moon migrates outward due to tidal energy dissipation within the planet. Here,Ė tide is the orbital energy transferred to the moon by tides, and E orb = −GMpMm/(2am) is the orbital energy, where Mp and Mm are the planetary and moon mass, respectively, and am is the semi-major axis of the moon. The efficiency of tidal dissipation can also be expressed in terms of the effective tidal quality factor Q, here defined as
Here, Rp is radius of the planet, k2 is its Love number, and Ωm is the moon's angular orbital frequency. Figure 1 shows the values of Q and t tide as a function of semi-major axis due to tidal dissipation via oscillation modes of our Saturn model. The upper envelope of t tide is set primarily by damping of the non-resonant tidally excited f modes of our model, and is essentially the effect of the equilibrium tide. The sharp dips in t tide correspond to resonances with the g modes of our model. At these resonances, the outward migration timescale may be reduced by several orders of magnitude. However, because the widths of the resonances are narrow, the average migration time scale is still quite long. A moon placed at a random semi-major axis would likely have a long tidal migration timescale, i.e., t tide T = 4.5 Gyr, with T the age of the solar system.
We emphasize that the existence of resonance-like features in Figure 1 is not highly dependent on the planetary model, mode damping rates, or the existence of g modes. Calculations that include the effects of inertial waves (Ogilvie & Lin 2004) produce similar features in t tide : sharp dips at certain frequencies, with a longer frequency-averaged tidal migration time scale. The basic picture of enhanced tidal dissipation at resonances but weak dissipation away from resonances holds for many tidal models.
However, it is essential to realize that the mode frequencies are determined by the internal structure of the planet and therefore change on some time scale t evol . Jupiter and Saturn have dynamic interiors which are continuing to evolve due to processes such as cooling, helium sedimen- tation, and core dissolution which likely proceed on a time scale comparable to the age of the planets (see Section 5.2 for more discussion on this issue). We thus expect t evol ∼ T , to order of magnitude. The mode frequencies evolve on a similar time scale, and thus the locations of the resonant troughs in Figure 1 will sweep past the locations of the moons. This has two consequences. First, moons will pass through mode resonances even if their initial condition placed them far from resonance. Second, we show in the following section that moons may lock into resonance with a mode as it sweeps past, allowing it to "surf" the resonance and migrate outward at a greatly reduced timescale of order ∼ T .
Resonance Locking
The structures of planets evolve with time, as do the frequencies of their oscillation modes. We define the time scale on which the angular frequency ωα of an oscillation mode changes asω
In general, the time scale tα is comparable to the stellar/planetary evolution time scale. For Jupiter and Saturn, we leave tα as a free parameter, and make informed estimates of it in Section 5.2. The effect of changing mode frequencies can drastically alter tidal evolution timescales by allowing for a process called resonance locking, originally examined by Witte & Savonije 1999 (see also Fuller & Lai 2012; Burkart et al. 2012 Burkart et al. , 2014 . During resonance locking, the coupled evolution of the mode frequency and the orbital frequency of the perturbing body proceeds such that the perturber remains near resonance with the oscillation mode.
The dynamics of resonance locking can be qualitatively understood from the bottom panel of Figure 1 . Consider a moon located at the stable fixed point, where its outward migration timescale is equal to that at which the resonant location moves outward. If its orbit is perturbed inward (toward resonance) tidal dissipation will increase, and the moon will be pushed back outward toward the fixed point. If the moon's orbit is perturbed outward (away from resonance) the moon's outward migration rate will decrease, and the resonant location will move outward and catch up with the moon. Thus, the moon can "ride the tide" and stably migrate outward with the location of a resonance. While locked in resonance, the tidal migration timescale is drastically reduced compared to its value away from resonances, and the moon's orbit evolves on a time scale comparable to tα.
In what follows, we make some simplifying assumptions. Because the moon masses are very small (Mm Mp), we may safely neglect the backreaction on (i.e., the spin-down of) the planet. Moreover, for our purposes we can approximate the moons' orbits as circular (e = 0) and aligned with the spin axis of the planet (i = 0). We shall account for MMRs between moons in Section 3.1. In this paper, we use the convention that the mode displacement in the rotating frame of the planet is proportional to e i(ωαt+mφ) , where m is the azimuthal number of the mode, such that modes with positive frequency and positive m are retrograde modes in the planet's frame.
In the outer planet moon systems, an oscillation mode near resonance with a moon has an angular frequency (measured in the planet's rotating frame)
where Ωp is the angular spin frequency of the planet, and ω f is the forcing frequency of the moon measured in the planet's rotating frame. Because the planet rotates faster than the moons orbit, the resonant modes are retrograde in the rotating frame of the planet, but prograde in the inertial frame. Resonant modes also have ωα < 2Ωp for m = 2, and may therefore lie in the sub-inertial range where mode properties become more complex, which we discuss more in Appendix A. For the moons considered in this work, only Mimas has ω f < 2Ωp for m 3, and so most resonant m 3 modes do not lie in the sub-inertial regime. Typical mode periods are Pα = 2π/ωα ∼ 3 × 10 4 s.
Resonance Locking with Inertial Waves
Resonance locking with inertial waves may be difficult to achieve. Consider a "mode" frequency at which there is enhanced tidal dissipation due to inertial waves. We assume this mode frequency (measured in Saturn's rotating frame) scales with Saturn's rotation rate such that
where c is a constant and |c| < 2 (see discussion in Ogilvie & Lin 2004) . For a retrograde mode that can resonate with the moons, the frequency in the inertial frame is σα = (c − m)Ωp, where m > 0 is the azimuthal number of the mode.
Resonance occurs when
and a resonance lock requires
or equivalentlyΩ
SinceΩm < 0 as a moon migrates outward, resonance locking requiresΩp < 0, i.e., it requires the planet to be spinning down. Therefore, unless the value of c changes due to internal structural evolution, resonance locking with inertial waves cannot occur due to planetary contraction and spinup. However, we note that c is a function of the rotation frequency (see, e.g., Figure 19 of and is not expected to be exactly constant. Moreover, in the realistic case of an evolving density profile, the value of c will change because the frequencies of inertial modes depend on the density profile (see, e.g., Ivanov & Papaloizou 2007 .
No studies of inertial waves in evolving planets have been performed. We encourage such studies to determine how the value of c will change in an evolving planet. Ifċ > 0, resonance locking with inertial waves may be possible and would provide an avenue for enhanced tidal dissipation in generic models of giant planets.
TIDAL MIGRATION OF RESONANTLY LOCKED MOONS
While a moon is caught in a resonance lock, the resulting tidal dynamics and outward migration rate are simple to calculate. Differentiating the resonance criterion of equation 4 with respect to time leads to the locking criterion
We recall the definition of the mode evolution timescale tα = ωα/ωα, and similarly define the planetary spin evolution timescale tp = Ωp/Ωp. Equation 9 becomeṡ
and hence the moon's semi-major axis evolves aṡ
This can be rewritten 1 t tide = 2 3
Ωp Ωm
Therefore, during resonance locking, the orbital migration rate is determined by the evolutionary timescale of the planet. Note that outward migration requires 0 < tα < tp, which is less restrictive than the condition for inertial waves discussed in Section 2.3. Using equations 1 and 2, the effective value of Q during a resonance lock is
. (13) In addition to the physical parameters of the system (mass, radius, etc.), the primary factor controlling Q ResLock of a moon are the evolution time scales tα and tp. According to the resonance locking hypothesis, Q is not a fundamental property of the planet. Instead, a resonantly locked moon migrates outward on a timescale comparable to tα and tp, which are fundamental properties of the planet in the sense that they are determined by the planetary evolution.
Accounting for Mean-Motion Resonances
As moons migrate outward, they may become caught in MMRs with outer moons. If trapped into MMR with an outer moon, an inner moon may still move outward via resonance locking on a time scale tα, such that both moons migrate outward on this time scale. The resonance with the outer moon effectively increases the inertia of the inner moon, such that a smaller Q is required to push it outward on the timescale tα. To accommodate the added inertia, the inner moon must move deeper into resonance with the planetary oscillation mode to remain resonantly locked. Consider two moons migrating in MMR, with the inner moon denoted by subscript 1 and the outer moon denoted by subscript 2. In a first order MMR (ignoring for simplicity the splitting of resonances due to precession/regression), the moons' orbital frequencies maintain the relation
It follows that in an MMR,
Now, the total rate of change of angular momentum of the orbits of both moons iṡ
The last equality results from the condition 15. The rate at which the orbital energy is increasing due to tides raised in the planet iṡ
This is not equal to the rate at which orbital energy changes because orbital energy may be tidally dissipated as heat within the moons if their orbits become eccentric. Additionally, the relationĖ 1,tide /E1 =ȧ1/a1 no longer holds. Let us consider the limiting case in which all the tidal dissipation within the planet is caused by the inner moon. Then we haveĖ tide =Ė 1,tide = Ω1J 1,tide = Ω1J. Using the relation above, the definition of Q from equation 2, and the last line of equation 16, we havė
Since the moons' orbits are nearly circular, then E1 −Ω1J1/2. Moreover, if the inner moon remains caught in the resonance lock, equation 11 still holds. Substituting these above, we find
This corresponds to a minimum value of Q1 because it assumes no tides from the outer moon. Equation 13, in turn, is a maximum tidal Q for the inner moon caught in MMR. The two are related by a factor (1 + J2/J1) which accounts for the extra dissipation needed to drive the exterior moon outward.
Additionally, there is a minimum possible Q2 for the outer moon to remain in MMR, because it will escape from resonance if it migrates outward faster than the inner moon. This minimum Q2 is found by settingȧ1/a1 =ȧ2/a2, and letting each moon migrate outward via its own tides raised in the planet. In this case, we have
with Q1 evaluated from equation 13. The MMR requires a1 = (j − 1)/j 2/3 a2. Then
Since the outer moon may be pushed out solely by the resonance with the inner moon, there is no maximum possible value of Q2 to remain in MMR.
COMPARISON WITH JUPITER AND SATURN SYSTEMS
We now apply our theories to the Jovian and Saturnian moon systems, and compare with the recent measurements of Q from Lainey et al. (2009 Lainey et al. ( , 2012 Lainey et al. ( , 2015 . Figure 2 shows the effective values of Q measured by Lainey et al. (2015) for the tidal interaction between Saturn and its Semi-major axis (R S ) inner moons. Although the measured value of Q is similar for Saturn's interaction with Enceladus, Tethys, and Dione, it is roughly one order of magnitude smaller for Rhea. The much smaller Q for Rhea's migration cannot be explained by any model of equilibrium tidal energy dissipation, and can only be accounted for by models including dynamical tides. Interestingly, the bottom panel of Figure 2 shows that the corresponding outward migration timescale is similar for each moon, with t tide ∼ 10 Gyr. We have computed the measured values of t tide from the measured values of Q using equation 2. This equation does not take MMRs into account, which can change the actual migration timescale. For Enceladus, the measured value of t tide should be regarded as a lower limit, since its migration may be slowed by outer moons. For Tethys and Dione, the value of t tide is an upper limit, since they may be pushed outward by inner moons. Unfortunately, all of these timescales are dependent on one another. They also depend on inward migration rates due to eccentricity damping, which in turn depend on the values of k2 and Q for tidal effects within each moon, which are not constrained by Lainey et al. (2015) . With these complications in mind, we also plot in Figure 2 the values Q and t tide expected for the resonance locking scenario. We have set tα = 50 Gyr in equation 13 such that the value of Q from resonance locking roughly matches the observed value for Rhea, which offers the best chance for comparison due to its lack of MMRs. For simplicity, we adopt the limit of no planetary spin-up, tp → ∞. The remarkable result of this exercise is that resonance locking naturally produces a very low effective Q for Rhea even for a realistic (and perhaps somewhat slow, tα ∼ 10 T ) mode evolution timescale.
Saturn
The predicted values of Q and t tide from resonance locking for the inner moons (Enceladus, Tethys, and Dione) are similar to but slightly larger than the measurements of Lainey et al. (2015) . The predicted values for Tethys are most discrepant, and are incompatible with the value tα = 50 Gyr that fits for Rhea. This may indicate that the inner moons migrate outward due to viscoelastic dissipation in the core as advocated in Lainey et al. (2015) . However, the fact that t tide ∼ 10 Gyr for each of these moons indicates that dynamical tides and/or resonance locking could still be occurring. Since tα is not expected to be the same for each oscillation mode, it is possible that the effective tα driving resonance locking of the innermost moons is smaller by a factor of a few compared to the best fit value for Rhea.
We caution that the MMRs between these moons may complicate both the measurements and their interpretation. For instance, the eccentricity of Enceladus is excited by the MMR with Dione, allowing inward migration due to tidal dissipation within Enceladus. The current outward migration of both Enceladus and Dione may not represent an equilibrium or time-averaged migration rate (see e.g., Meyer & Wisdom 2007) , depending on the dynamics of tidal dissipation within Enceladus. Moreover, the measured values of Q in Lainey et al. (2015) for Enceladus, Tethys, and Dione were all dependent on the dissipation within Enceladus, and so we believe these measurements should be interpreted with caution. Similarly, the migration of Tethys is affected by its MMR with Mimas, for which the outward migration was not constrained by Lainey et al. (2015) , and which may influence the measured value of Q for the other moons. Figure 3 shows the predicted and measured (Lainey et al. 2009 ) values of Q and t tide for the moons of Jupiter. We have again used tα = 50 Gyr, although the appropriate value of tα could be different for Jupiter. The measured t tide for Io was negative, with the interpretation that the instantaneous migration of Io is inward due to eccentricity damping. This point does not appear on the plot, and likely does not repre- Semi-major axis (R J ) Observed points are taken from Lainey et al. 2009 , where the measured inward migration of Io has t tide < 0 and is not shown. We also plot the calculated outward migration timescale of the Io:Europa:Ganymede chain from the measured value of Q for the Io-Jupiter interaction, assuming zero tidal dissipation produced by Europa and Ganymede.
Jupiter
sent the long-term migration rate of Io. We have also plotted a value of t tide calculated from the measured Q for Io, by assuming it drives the migration of Europa and Ganymede in the current MMR. We caution against making a very thorough comparison with the data, as it is unclear whether the measured value of Q for Io will be modified with updated measurements, as was the case in the Saturnian system. Nonetheless, we note that our predicted Q for Io falls very close to the measured value, especially if we take the lower bound on the predicted Q corresponding to Io driving the outward migration of Europa and Ganymede. This correspondence can also be seen by the proximity of the predicted value of t tide with the calculated t tide which may more accurately characterize the long-term migration than the instantaneous observed t tide . This entails an outward migration timescale of t tide ∼ 20 Gyr for Io, Europa, and Ganymede. In this case, we expect the effective tidal Q for tidal dissipation in Jupiter caused by Europa to be quite large, Q 10 4 , although we expect Europa to be migrating outward at t tide ∼ 20 Gyr due to its MMR with Io.
DISCUSSION
Relation with Previous Tidal Theories
The measurements of Lainey et al. (2015) clearly rule out the common assumption of a constant value of Q governing the outward tidal migration of Saturn's moons. The majority of previous literature investigating the subject assumed a constant Q, and must now be interpreted with caution.
Several works (e.g., Remus et al. 2012a; Guenel et al. 2014; Lainey et al. 2015) have sought to explain the tidal Q ∼ 2000 measured for Saturn due to forcing by Enceladus, Tethys and Rhea via viscoelastic dissipation within a solid core. However, this conclusion generates problems for the orbital evolution of the moons (see Section 5.3), forcing one to accept that the moons formed billions of years after the rest of the solar system, or that Q was much larger (for no obvious reason) in the past. Additionally, these theories cannot explain the small Q of Saturn due to forcing by Rhea.
Resonance locking can resolve many of these puzzles. It accounts for varying values of Q by positing a nearly constant value of tα which governs the value of Q through equation 13. Unlike the value of Q in equilibrium tidal theory that can be very difficult to compute from first principles (and frequently yields predictions orders of magnitude too large), the value of tα can be calculated based on a thermal evolution model of a planet. The natural expectation is that tα is comparable to the age of the solar system, yielding outward migration timescales of similar magnitude, as observed.
Although other dynamical tidal theories (e.g., Ogilvie & Lin 2004; Ogilvie & Lesur 2012; Auclair Desrotour et al. 2015) can produce low and varying values of Q, they suffer from two problems. First, the widths of the resonances at which strong tidal dissipation occurs are somewhat narrow (especially for small core radii), and it is not clear whether we expect to find any moons within these resonances. Second, at an arbitrary orbital frequency there is no reason to expect t tide to be comparable to the age of the solar system. Resonance locking solves both these problems because moons can get caught in resonance locks that could last for billions of years, making it likely to observe a moon in a state of rapid outward migration. Moreover, the value of t tide is naturally expected to be comparable to the age of the solar system.
Our purpose here is not at all to dismiss tidal theories based on dissipation of inertial waves. Instead, we advocate that these theories naturally reproduce the observations only if planetary evolution is included in the long-term behavior of the system. The evolution of the planet causes the locations of tidal resonances to migrate, allowing for resonance locks with the moons such that they migrate at a similar rate. In this picture, the precise frequencies and strengths of tidal resonances with inertial waves or g modes is not important, nor is their frequency-averaged dissipation rate. All that matters is the mere existence of such resonances, and the rate at which these resonant frequencies evolve (see equation 12).
Evolutionary Timescales
In the resonance locking scenario, the outward migration timescale of moons is set by the planetary evolution timescale tα in equation 3. Predicting this timescale is not simple, as it depends on internal structural evolution timescales, which are poorly constrained. However, we can place some rough constraints. First, we expect tα to be comparable to or longer than the age of the solar system T . Any process that occurs on a shorter timescale has already occurred, or has slowed down to timescales of ∼ T .
Second, we can estimate an upper limit from the planet's thermal emission, which is generated through the release of gravitational energy. The intrinsic power radiated by Saturn is LSa 8.6 × 10 23 erg s −1 Guillot & Gautier (2014) , likely generated via gravitational energy released through helium rain out. The corresponding KelvinHelmholtz time of Saturn is
Therefore, we expect the frequencies of oscillation modes in Saturn to be changing on timescales 4.5 Gyr tα 100 Gyr.
Cooling timescales t cool = T ef /(dT ef /dt) ∼ 25 Gyr found by Fortney et al. (2011) and Leconte & Chabrier (2013) are within this range, and are comparable with the best fit timescale tα = 50 Gyr for Rhea in Figure 2 . Importantly, we also expect that the mode frequencies increase with time (as measured in the rotating frame), as required for a stable resonance lock with Saturn's moons. Mode frequencies determined by internal structure typically scale with the planet's dynamical frequency, which increases due to gravitational contraction. Moreover, ongoing helium sedimentation or core erosion that builds a stably stratified layer (found to be present via Saturn ring seismology, see Fuller 2014) will cause g mode frequencies to increase (see Appendix B).
When a resonance lock is active, the outward migration timescale is
in the limit tp → ∞. For Mimas, t tide ∼ 1.5 tα, but for Rhea, t tide ∼ 0.16 tα. A resonance lock cannot persist indefinitely, as it requires t tide → 0 as Ωm → 0. As a moon migrates outward, the resonance lock will eventually break when the required mode amplitude becomes too large. This can occur due to non-linear effects, or because the stable fixed point disappears when it reaches the center of the resonant trough in Figure 1 (i.e., the resonance saturates). For the g mode resonances shown in Figure 1 , the modes are linear in the sense that fluid displacements are orders of magnitude smaller than their wavelengths. Resonant saturation could occur if the mode damping rates are a few orders of magnitude larger than those calculated in Appendix A3. We find this unlikely, given the long mode lifetimes of the f modes resonating with Saturn's rings (Hedman & Nicholson 2013) .
Orbital Evolution of the Moons
Resonance locking yields qualitatively different orbital evolution compared to any constant Q theory. For a constant Q, the tidal migration timescale for a moon of a given mass is a very strong function of semi-major axis (see Figure 1) , such that t tide ∝ a 13/2 (see equation 2). This has created problems for conventional tidal theories, because it implies that outward migration rates were much faster in the past, thereby requiring large values of Q (and correspondingly slow present-day outward migration) in order for the moons to have migrated to their current positions if they formed coevally with Saturn. However, the measured values of Q are much smaller than the lower limits described by Peale et al. (1980) , implying such rapid past migration (in a constant Q scenario) that the moons could not have formed at the same time as Saturn. Studies which have assumed constant values of Q for Saturn in order to constrain the orbital evolution history (e.g., Peale et al. 1980; Meyer & Wisdom 2007 , 2008 Zhang & Nimmo 2009 ) should be interpreted with caution. Figure 4 demonstrates the qualitative nature of orbital evolution assuming the effective value of Q measured by Lainey et al. (2015) is constant in time. Here, we have integrated equation 2 backward in time for each moon, finding that the orbital semi-major axis decreases to zero in less than the age of the solar system. In other words, the moons must have formed billions of years after Saturn to be compatible with the theory of a constant tidal Q. Although this scenario has been proposed (Charnoz et al. 2011; Crida & Charnoz 2012) , we find the resonance locking solution described below to be simpler. A model in which the moons formed well outside of the Roche radius, but still hundreds of millions of years after Saturn (Asphaug & Reufer 2013) , remains possible in the resonance locking framework.
In contrast to constant tidal Q models, resonance locking predicts that t tide increases at small orbital distances (see equation 23) where orbital frequencies are higher, for a constant value of tα. The corresponding values of Q (see equation 2) are much larger because of the Q ∝ a −13/2 scaling for a constant t tide . Hence, the effective values of Q for the moons were likely much larger in the past than they are at present, resolving the incompatibility of the small measured values of Q with the age of the solar system. This is demonstrated in Figure 4 , where we integrate equation 23 backward in time for each moon, using tα = 50 Gyr. We caution that the value of tα may also have been smaller in the past, somewhat offsetting the orbital frequency dependence of equation 23, and a detailed orbital evolution should take both these effects into account.
Note also that resonance locking entails the effective values of Q may vary by orders of magnitude over time, depending on whether a given moon is in a resonance lock. Each moon may have spent large amounts of time not involved in resonance locks and migrating outwards on long timescales, until eventually encountering a resonance and migrating outwards more rapidly (or being pushed outward by a MMR).
A potential problem with resonance locking is that it does not always guarantee convergent orbital migration for two moons. For a constant tα, equation 23 implies a shorter migration timescale for outer moons. If two moons are both caught in a resonance lock with the same tα, the inner moon will not catch up to the outer moon to establish a MMR. Similarly, if an outer moon is pushed outward by a MMR such that it passes through a mode resonance, it could lock into resonance with the mode and escape the MMR. This could explain how Rhea was able to escape MMRs with other inner moons of Saturn; it simply migrated outward faster. However, the observed MMRs of inner moons require explanation. It is not expected that tα is exactly the same for all modes, and it is possible that some inner moons have locked into resonance with modes with low values of tα such that they migrate out faster. Since the mode density of our model is higher near inner moons (see Figure 1) , the inner moons may have had more chances to lock with low tα modes. A more detailed planetary thermal evolution model would be required to investigate this possibility.
Tidal Heating
In Appendix C, we calculate the tidal heating of moons implied by resonance locking. As in conventional tidal theories, the outward migration does not induce tidal heating in a moon unless the moon's eccentricity is increased due to a MMR, leading to heat deposition by eccentricity tides. In this case, the equilibrium tidal heating rate of the inner moon (assuming no tidal migration of the outer moon) iṡ
Using t tide = 35 Gyr for Enceladus (see Figure 2) , we calculate its equilibrium heating rate to beĖ heat ≈ 50 GW. The actual heating rate may be lower by a factor of a few if we used the measured Q ∼ 2000 found by Lainey et al. (2015) (the calculation above corresponded to Q ∼ 1000), or if we account for outward migration of Dione due to its tidal interaction with Saturn. In any case, resonance locking can account for thermal emission as high asĖ ≈ 16 GW (Howett et al. 2011) , even if Enceladus is currently in an equilibrium configuration. We note that the heating rate of (Howett et al. 2011 ) is controversial, and an updated estimate for heat emitted from Enceladus's tiger stripes alone is 5 GW (Spencer et al. 2013 , see also Porco et al. 2014) . The moon's total radiated power remains unclear, but we predict it may be considerably greater than 5 GW. It is not necessary to invoke the existence of tidal heating cycles to explain Enceladus' observed heat flux, although it remains possible that periodic or outbursting heating events do occur.
For Io, we calculate an equilibrium heating rate oḟ E heat ≈ 5 × 10 4 GW from equation C5, using t tide = 20 Gyr (see Figure 3) . This is roughly half the observed heat flux of 10 5 GW (Veeder et al. 1994) . The difference may stem from the apparent inward migration of Io due to eccentricity tides (Lainey et al. 2009 ), currently creating moderately enhanced heating compared to the long-term average. Alternatively, the average t tide may be closer to 10 Gyr, in which case we expectĖ heat ≈ 10 5 GW as observed. Finally, resonance locking predicts that the tidal heating rate (equation 24) is only a weak function of semi-major axis. In contrast to a constant tidal Q scenario, we expect the past heating rates of moons like Enceladus and Io to be comparable (within a factor of a few) to the current heating rates, as long as they were in their current MMRs. As in Section 5.3, we stress that the large current heating rates do not require the moons to have formed after their host planets.
Titan and Callisto
It is possible that Titan and Callisto have experienced significant outward tidal migration despite their larger semimajor axes compared to the inner moons. We posit that Titan and/or Callisto could currently be migrating outward via resonance locking. If so, we predict that t tide ∼ 2 Gyr, and Q ∼ 20 for the Saturn-Titan tidal interaction. For the Jupiter-Callisto interaction, we predict t tide ∼ 2 Gyr, and Q ∼ 1. Note that values of Q < 1 are possible for migration driven by dynamical tides. A future measurement of such a low Q driving Titan or Callisto's migration would be strong evidence for resonance locking. In this case, these moons may have migrated outward by a significant fraction of their current semi-major axis during the lifetime of the solar system. This migration may have caused Titan to pass through MMRs that excited its eccentricity to its current level (Ćuk et al. 2013) .
Although resonance locking could have occurred for Titan or Callisto in the past, these moons may not currently be in resonance locks. The required mode amplitudes may not be achievable (larger amplitudes are required for moons of larger mass and semi-major axis) due to non-linear effects or resonance saturation. It is possible that Titan or Callisto were previously in resonance locks, which eventually broke due to the increasingly short migration timescales (and correspondingly large required mode amplitudes) as their orbital frequencies decreased (see equation 23).
CONCLUSIONS
We have proposed that a resonance locking process accounts for the rapid outward migration of some of the inner moons of Jupiter and Saturn. During a resonance lock, the outward migration rate is greatly enhanced due to a resonance between the moon's tidal forcing frequency and an oscillation mode of the planet. The oscillation mode could correspond to a gravity mode, or a frequency of enhanced energy dissipation via inertial waves. In either case, the frequency of these oscillation modes change as the planets cool and their internal structures evolve. When a mode frequency crosses a forcing frequency, the moon can be caught in a resonance lock and then migrates outward at a rate comparable to the planet's evolutionary timescale, set by equation 11. In some respects, the dynamics of resonance locking is similar to locking into mean motion resonances during convergent orbital migration.
Resonance locking can only explain the outward migration of Jupiter and Saturn's moons if mode frequencies increase in the rotating frame of the planet, such that their resonant locations move outward (away from the planet), and moons can "surf" the resonances outward. This will likely be the case for g modes, but the picture is less clear for inertial waves (see Section 2.3). The occurrence of resonance locking is only weakly dependent on exact mode damping rates and their gravitational coupling with moons, which we find to be amenable to resonance locking (see Appendix B). Once a resonance lock with a moon is established, the moon's migration rate is determined purely by the outward migration of the resonant location, and is not dependent on the details of the planetary structure, mode frequencies, damping rates, or eigenfunctions (see equation 12).
Resonance locking predicts an outward migration timescale of order the age of the solar system, as suggested by observations of the Saturn and Jupiter systems (see Figures 2 and 3, Lainey et al. 2009 , 2012 . In other words, resonance locking typically predicts low effective tidal quality factors Q governing the migration of moons caught in resonance locks. Resonance locking also predicts different effective values of Q for different moons (via equation 13), and naturally accounts for the very small value effective Q measured for the migration of Rhea. In the resonance locking paradigm, the outward migration rate t tide is roughly constant for each moon (with some variation, see equation 23), rather than the value of Q being constant.
Similarly, resonance locking can account for the large observed heating rates of Io and Enceladus. These high heating rates arise from the short outward migration timescale resulting from resonance locking, resulting in a correspondingly large equilibrium heating rate (equation 24). Cyclic heating events need not be invoked (except perhaps mild cyclic variation for Io) to account for the current heating, although of course it remains possible that heating cycles do occur.
Finally, resonance locking resolves the problems arising from current-day migration/heating rates, which imply that some moons formed long after their planets if the tidal Q is constant. Instead, resonance locking predicts that the outward migration timescale t tide is nearly constant, such that the effective values of Q were larger in the past. The consequence is that the orbital frequencies of inner moons have likely decreased by a factor of order unity over the lifetime of the solar system (see Figure 4) , allowing them to have migrated into mean motion resonances with one another, yet still to have formed coevally with Jupiter and Saturn. We cannot disprove the hypothesis that Saturn's mediumsized inner moons formed after Saturn, but the current rapid migration does not require such a scenario. One possible problem with resonance locking is that it does not guarantee convergent migration of moons. Detailed planetary/tidal evolution models are needed to determine whether it can generally account for the moons' observed mean motion resonances.
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APPENDIX A: OSCILLATION MODES AND TIDAL DISSIPATION A1 Gravito-inertial Modes
Here we describe our method of calculating Saturn's oscillation modes and their effect on tidal dissipation. We adopt the Saturn model shown in Figure 2 of Fuller (2014) , which reproduces Saturn's mass, radius, spin frequency, and gravitational moment J2. The most important feature of this model is that it contains a stably stratified region outside the core, at radii 0.1 r/R 0.4, which supports the existence of gravity modes. This particular model has a BruntVäisälä frequency significantly larger than the tidal forcing frequencies, N ∼ 8ω f , such that resonantly forced g modes approximately obey WKB relations.
To calculate the oscillation modes of this model, we adopt the traditional approximation (see e.g., Bildsten et al. 1996; Lee & Saio 1997) to find the so-called Hough modes on the low mode branches. In stably stratified regions, the traditional approximation is valid because N > ω f and we find that the resonant modes have horizontal displacements larger than radial displacements, ξ ⊥ > ξr. The Hough modes calculated from the traditional approximation are composed of many spherical harmonic degrees . However, each branch of modes can be traced back to a single spherical harmonic degree in the non-rotating limit, which we will refer to as as the of each mode. The adiabatic mode frequencies and eigenfunctions are calculated with standard numerical methods (see Fuller & Lai 2014 for more detailed description) and with the usual reflective boundary conditions. We normalize the modes via (c.f. Schenk et al. 2002; Lai & Wu 2006 ) the orthonomality condition
where
and
For our purposes, we calculate only the retrograde modes along the g mode branches (i.e., no Rossby modes) that are symmetric across the planetary equator. We have calculated ( , m) combinations of (2, 2), (3, 1), (3, 3), (4, 2), and (4, 4) which generally couple most strongly to the tidal potential of the perturber. We have restricted our calculations to include only low/medium order g modes and fundamental modes whose frequencies are somewhat near ω ∼ mΩp and can be resonantly excited.
We note that many of the relevant oscillation modes have ωα < 2Ωs and therefore lie within the sub-inertial regime in which inertial waves may propagate in the convective envelope. This could significantly change the character of these oscillation modes, especially their eigenfunction within the convective envelope, a fact which has been explored in some previous works (e.g., Dintrans et al. 1999; Dintrans & Rieutord 2000; Mirouh et al. 2015) . In fact, the mode eigenspectrum is undoubtedly more complex than the one shown in Figure 1 , containing more dips in Q associated with tidal dissipation via gravito-inertial waves focused onto wave attractors or absorbed at critical layers (i.e., irregular modes). Were we to require a precise determination of mode frequencies and eigenfunctions, our technique would not be viable. However, for our purposes what matters is that modes exist in this frequency range (both regular and irregular modes would suffice for resonance locking), and that we can roughly estimate their gravitational potential perturbations and damping rates. Although our computed eigenfunctions and their potential perturbations may be quantitatively inaccurate, this is unimportant unless it prevents the resonance locking process from occurring (see Section 2.2).
Exact mode damping rates are also difficult to calculate. However, in a resonance lock the tidal dissipation rate is independent of the mode damping rates. The mode damping rates affect only the ability of the system to enter into and maintain a resonance lock. As long as realistic damping rates are within a few orders of magnitude of our estimated damping rates, the basic picture we advance may still occur. yet damped strongly enough that mode amplitudes can be reliably calculated using the adiabatic approximation (see below).
APPENDIX B: ABILITY TO SUSTAIN RESONANCE LOCKS
Resonance locking can proceed if several conditions (outlined in detail in Burkart et al. 2014 ) are satisfied. First, tides must operate in the weak damping limit (equation 32 of Burkart et al. 2014) , i.e., tidal dissipation must be greatly enhanced near resonances so that t tide < t evol in Figure 1 only near resonances. We find this is indeed the case for our model. If there is an additional source of tidal dissipation such as viscoelasticity in a solid core, this could lower the equilibrium tide value of Q such that the weak damping limit does not apply for the inner moons. In this case, resonance locking could not operate for the inner moons, but it could still work for outer moons.
Second, resonance locking can only occur if the fixed point in Figure 1 is a stable fixed point, which arises if the motion of the resonant location in Figure 1 is in the same direction as the direction of moon migration, i.e., away from the planet. This requires the mode frequencies to be decreasing in an inertial frame such that they continue to resonate with the decreasing orbital frequency. However, the mode frequencies measured in the rotating frame of the planet (equation 4) must be increasing, i.e., tα > 0. In the language of Burkart et al. (2014) , this is equivalent to the requirement Γ dr < 0. In Section 2.3, we showed this may not always occur for resonances with inertial waves. For gravity modes, the dispersion relation (in the non-rotating limit) results in
For a planet that is building a stably stratified region through helium sedimentation or core erosion, we expect the buoyancy frequency N to be increasing such that tα is positive and resonance locking can occur. Including rotation allows for the existence of gravito-inertial modes whose dispersion relation is more complicated. The modes may also undergo avoided crossings as the planet cools, giving rise to many possible values of tα, although we expect that tα will typically be positive ifṄ is positive, and we expect tα ∼ t cool to order of magnitude. In this paper, we have used the "adiabatic" limit to calculate mode amplitudes, which is valid when (see equation 46 of Burkart et al. 2014) (ω f − ωα) 2 + γ 2 α > ωα/tα .
For the fixed points shown in Figure 1 , the adiabatic limit is valid. However, we note that the modes do not always satisfy γ 2 α > ωα/tα for tα = 50 Gyr. Therefore, the adiabatic limit may not be valid for more massive moons such as Titan, given the values of γα calculated above. Damping rates larger by 1-2 orders of magnitude (which is possible since the damping rates above should be regarded as lower limits) would guarantee adiabaticity for any moon. Damping rates larger by more than 3-4 orders of magnitude (unlikely) would eliminate the existence of the stable fixed points (i.e., resonance locking could not occur before the resonances saturate).
Additionally, we find that resonances satisfy the corresponding condition for stable resonance locking (equation 50 of Burkart et al. 2014 ). Larger damping rates would strengthen this result. We conclude that resonance locking can occur in giant planet systems as long as the resonant locations of some modes evolve away from the planet, as shown in Figure 1 .
APPENDIX C: TIDAL HEATING OF MOONS
Moons caught in MMR will excite each other's eccentricity and/or inclination. This will allow for tidal dissipation within each moon, generating tidal heating of the moons. Assuming that tidal dissipation within the moons keeps their orbits nearly circular, the rate of change of the moons' orbital energy due to outward migration is given by equation 17. However, the net change in the moons' orbital energy iṡ 
The last line follows from the MMR condition of equation 15. The energy which must be dissipated as heat iṡ
In general, the heating rate depends on the relative rates of outward migration due to tides in the planet raised by each moon. Let us assume once again that the outward migration of the moons is caused solely by the tidal interaction of the inner moon with the planet. In this case, E tide =Ė 1,tide = Ω1J 1,tide = Ω1J orb , and using equation 16 we havė Using E 1,orb −Ω1J1/2 and likewise for moon 2, we havė
For small eccentricities, this is identical to (but simpler than) equation 15 of Meyer & Wisdom (2007) and equation 7 of Lissauer et al. (1984) (with m3 set to zero). The tidal heat dissipated within moon 1 depends on its outward migration rate and the mass of moon 2. For three moons in a resonant chain, the result iṡ
As in Meyer & Wisdom (2007) , we calculate the equilibrium eccentricity at which equation C4 is equal to the tidal heating rate of a moon due to its eccentricity, 
Here, k1 and Q1 refer to the Love number and tidal quality factor of the moon, and e1 is its eccentricity. In the limit that the outward migration is driven solely by tidal torques on moon 1, the equilibrium eccentricity is 
where we have denoted the effective tidal quality factor driving the outward migration of moon 1 as Qp,1. Equations C4 and C5 may be good approximations for Enceladus and Io, which are caught in eccentric MMRs with outer moons. However, it is likely not valid for Mimas, which is caught in an inclination MMR with Tethys. In this case, the inclinations of Mimas and Tethys are excited as they migrate outward, although this inclination likely cannot be damped out via tidal dissipation in Mimas (Luan 2014) . However, it may be possible that the orbital inclination can be damped out through interactions between Mimas and Saturn's rings.
